the maximum bit rate at which a fiber-optic communication system can operate. This is determined in part by how quickly the APD current decays in response to a pulse of photons. Only then can the device receive the next bit without having to be concerned about the presence of residual current from the previous bit (intersymbol interference) [ 11. The time course of the current produced in the APD circuit arises from several sources [2] (devices are usually constructed in such a way that the diffusion current can be ignored). The current component arising from the motion of carriers through the region where avalanche multiplication takes place has a duration at least as long as the time that it takes the carrier pairs (electrons and holes) to complete their drift through this region. The transit time through the avalanche multiplication region is designated 7,. The shape of this average current pulse is determined both by the average multiplication ( M ) and by the electron and hole velocities, whereas its area (charge) is determined solely by the average multiplication. Furthermore, if electrons and holes are both capable of causing impact ionization in the multiplication region, the resulting feedback process can lead to the persistance of carriers in this region, and an associated increase in the duration of the current pulse. This additional time is called the avalanche buildup time 7," [ 141 ; it is dependent on the width of the multiplication region w , and on ( M ) , 7,, and the ratio of ionization coefficients for holes and electrons kc = /3/a [15] . For single-carrier multiplication, 7,, = 0. Even for double-carrier multiplication, at usual values of the gain, r,, may often be neglected in comparison with the transit time through the multiplication region 7, [ 
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In many device structures, such as the reach-through APD (RAPD) [ 161 and the separate-absorption-gradingmultiplication region (SAGM) APD [17] , the depletion region extends well beyond the multiplication region. In such devices the APD current pulse is further lengthened by the transit time through this nonmultiplying depletion region 7 t r . Indeed 7tr is often the limiting factor that determines the APD response time [7] . Of course, the receiver circuitry to which the APD is connected (associated with the response time 7 R c ) also plays a role in determining the speed of response of the system. However, in the current state of our engineering expertise this is not often the limiting factor.
In this paper we derive an analytical expression for the time course of the average current pulse arising from a 0018-9383/86/1000-1511$01.00 0 1986 IEEE single photocarrier entering the multiplication region (of a conventional APD (CAPD), assuming single-carrier-initiated/single-carrier multiplication (SCISCM). Thit; is designated the single-photocarrier average impulse response function ( h ( t ) ) . The full-width duration of (h(,&) ) is 7, since T,, = 0 as a result of the SCISCM assumption. The result is obtained by carrying to the limit (of an infinite number of stages) the recently-derived expression for (h(t) ) for the staircase avalanche photodiode [ 1 11. 'I he underlying model for our calculations is the Bernodli branching process that, in the limit of an infinite numher of stages and vanishingly small multiplication per sta.ge, goes over to the pure birth process with linear birth ]rate [18] . Delta-function absorption is assumed at the bourdary of the multiplication region. An analytical result j'or the associated average frequency response function H( J U ) is obtained by Fourier transformation.
Over the years, there have been a great many ca1cu.ations of various APD frequency response functions. AImost all of these have made use of the carrier transport equations as a point of departure. Indeed, many of the results have sufficient generality to account for doub ecarrier multiplication with unequal ionization coefficierlts and unequal carrier velocities [19] - [24] . Although thc re is a formal equivalence between the average frequeln~y response function H ( j w ) and the average impulse ICsponse function ( h ( t ) ) , direct calculations of the latter 2 :re often of substantial interest because they are solutions of the time-domain stochastic differential equations describing carrier transport in the multiplication region [25] . Or ly a handful of explicit results for the average impulse ]'esponse function have appeared, namely the analytical (;illculations of Ruegg [16] and Walma and Hackam [2(1] , and the simulation results of Riad and Hayes [27] and Ri ad and Riad [25] ~ Because our CAPD device model is t ?e same as that used for single-carrier simulation results l~y Riad and Hayes, we will find it useful to compare our analytical results with their computer calculations.
IMPULSE RESPONSE FUNCTION
The time course of the current pulse arising from a single carrier entering the multiplication region of an AF'D is a superposition of the contributions from both the init: a1 carrier itself and from the offspring carrier pairs. The lesult for the CAPD can be most easily understood in t e r m of the discrete current contributions in the staircase AFT) with deterministic transit time [ l l , Section 111, Fig. ( 
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The staircase APD is a graded-gap superlattice device designed in such a way that only electrons are expected to impact ionize [9] , [28] , [29] . It is one of a family of superlattice avalanche photodiodes (SAPD's) that may find use in fiber-optic communication systems operating in tile ' The designation single-carrier-initiated/single-carrier multiplicatisn (SCISCM) means that only a single kind of carrier (viz., either electrcns or holes) initiates the avalanche process and that only this kind of cam er is capable of creating new carrier pairs by impact ionization. In additim we have assumed that only a single photocarrier is injected, meaning tklat only one electron (or hole) is injected.
1.3-1.6 pm wavelength region [30] , [31] .' In principle, structures of this kind can eliminate the feedback noise associated with two-carrier behavior [ 111, but in practice the effects of residual hole ionization may not be able to be entirely eliminated [ 121, [29] .
Nevertheless, the single-carrier staircase APD impulse response functions derived in [l 11 provides a useful point of departure for obtaining the CAPD impulse response function. This is because the behavior of the staircase APD becomes identical to that of the single-carrier CAPD [ 111-[ 131, [ 181 in the limit of an infinite number of stages and vanishingly small multiplication per stage. Formally, the staircase-device current can be viewed as a marked filtered Bernoulli branching process.
The impulse response function h(t) is of course random [ 11, Eq. (13)]. Our interest at this point is in the average single-photocarrier impulse response function for the mstage staircase APD with ionization probability P , which may be written as [ 11, Eq. (14)]
The current pulses produced by electrons and holes created at the kth step are designated (airn)(t)) and (bim'(t)), respectively. These are given by [ 11, Fig. 61 
where the symbol q represents the electronic charge, U is the unit step function, and 7, and Th are the (deterministic) electron and hole transit times through a single graded region, respectively. The impulse response function is comprised of a superposition of electron and hole currents which, in turn, are weighted sums of the ak's and the bk's. Expressions can also be obtained for higher moments and for the autocorrelation function of the impulse response, but the procedure rapidly becomes quite lengthy. These 'A number of novel superlattice devices have been proposed for enhancing the ionization-coefficient ratio and reducing tunneling currents. The first such proposal, by Chin et al. [32] , suggested the use of a multiquantum-well SAPD consisting of an alternating series of wide-and narrowbandgap layers. It has been shown both experimentally [33]-[35] , and by means of many-particle Monte Carlo simulations [29] , that such a structure can indeed provide an enhanced ionization ratio. quantities would be useful in a careful determination of the effects of intersymbol interference in an optical communication system.
The single-photocarrier average impulse response function for the CAPD, ( h ( t ) ) = (h'"'(t)), is readily obtained by increasing the number of staircase stages m without limit while simultaneously decreasing the transit times through each graded region re and T h . Since the transit times per stage will become vanishingly small, it is more convenient to refer to them as Are and ATh, respectively. Thus, we let m -+ m (4)
Simultaneously, the products mAr, and mArh are kept constant such that
where w is the width o.f the multiplication region and u, and u h are the (deterministic) electron and hole velocities, respectively. In this limit the electron ionization probability P (or A P ) can be written
where a is the electron ionization coefficient and Ax is the width of one graded region. Thus
assuming constant electric field throughout the avalanche region. Using (2)- (8), and letting Ax -+ 0 , (1) becomes The integral of the average impulse response function is simply the total charge created by a single injected carrier, i.e.,
Graphical representations of the average impulse response function versus time given in (1 1) are presented in Figs. 1 and 2 for several representative sets of data with single-electron injection. The parameter values used in the two figures are similar except for the electron ionization coefficient a , which has been set equal to 2000 cm-' in Fig. 1 and 5000 cm-' in Fig. 2 . As a result, the ordinate in Fig. 1 is displayed in units of nanoamperes whereas the ordinate in Fig. 2 is in units of microamperes. A comparison of the (Iz(t)) curves in the two figures shows similar shapes although, of course, the gain is substantially higher in Fig. 2 .
The initial exponential growth of the curves represents electron and hole contributions arising from multiplication in the avalanche region. Assuming that it is an electron that is injected, this continues for the entire time that it requires to travel across the multiplication region, Le., te = w/u,. The subsequent exponential decay then represents residual holes transiting backward across the multiplication region. These lead to a circuit current during an additional time th = t, when u h = u,, or time th = 2t, when uh = v,/2. Fig. 1 shows a similar shlape for ( h ( t ) ) but of course the gain is substantially higher.
FREQUENCY RESPONSE FUNCTION The average frequency response function for the CAE'3, H( ju), is obtained as the Fourier transform of the average impulse response function given in (1 1). Although the l'e-
sult is somewhat lengthy, it is actually quite direct, vi2 . + u exp (ut,) sin (ut,) 
This function will be displayed graphically in connection with the comparison of analytical and simulation results presented in the next section.
IV. COMPARISON OF ANALYTICAL AND SIMULATION RESULTS Starting with the carrier transport equations, Riad and Hayes [27] carried out a simulation of both the magnitude and phase of the average frequency response for a singlecarrier CAPD. Inverse Fourier transformation was used to obtain the average impulse response function ( h ( t ) ) in response to a single photocarrier. Since the conditions assumed in our theoretical model are identical to those assumed for their simulation, it is useful to compare the two results.
The comparison is presented in Figs. 3 and 4. In Fig.  3(a) and (b) , the theoretical average impulse response functions ( h ( t ) ) versus time t , calculated from (1 l), are shown as the solid curves. The simulation results of Riad and Hayes [27] are shown as the dashed curves. Fig. 3(a) represents single-hole injection whereas Fig. 3(b) represents single-electron injection. The theoretical parameter values were chosen to be identical in both cases: electron velocity u, = io7 cm/s, hole velocity u h = 5 X lo6 cm/ s, and width of multiplication region w = 3 pm. The holeionization coefficient in Fig. 3(a) is = 5365 cm-' whereas the electron-ionization coefficient in Fig. 3(b) is a = 5365 cm-'. The ordinates are displayed in units of nanoamperes while the abscissas are in units of picoseconds. The area under each curve is the average gain ( M ) = 5. Riad and Hayes' results were presented only in normalized form; their results therefore had to be adapted in order to effect a comparison with our absolute calculations. (It should be noted that while their treatment is sufficiently general to allow for the dependence of electric field on position and the dependence of ionization coefficients on field, such relationships were not included in the comparison presented here.)
The frequency response functions are shown in Fig. 4 . The solid curves represent the theoretical average frequency response magnitude (1H( ju)l, left ordinate) and theroretical average frequency response phase ( L H( ju), iight ordinate), versus frequency (in gigahertz), as calculated from (13). The dashed and dotted curves represent the same quantities, respectively, obtained from simulation studies by Riad and Hayes [ 2 7 ] . Again, the theoretical parameter values were chosen to be identical in the two cases. The curves in Fig. 4(a) injection whereas those in Fig. 4 (b) represent single-electron injection. These curves are inverse Fourier transforms of those shown in Fig. 3 .
For both the average impulse response functions shown in Fig. 3 and the average frequency response functions displayed in Fig. 4 , there is quite good agreement between the analytical and simulation results. It is likely that the somewhat smoother appearance of the simulation curves stems from the windowing associated with the actual computation process. The agreement provides some measure of confirmation that the approach we have used is proper.
V. DISCUSSION AND CONCLUSION An analytical expression for the time course of the average impulse response function arising from a single photocarrier entering the multiplication region of a CAPD has been derived, under the assumption of single-carrier-initiatedlsingle-carrier multiplication. The model is applicable to an idealized p-i-n-type single-carrier APD with constant electric field in the avalanche region. With little modification, it should also be useful for devices like the channeling APD [42], [43] in which the carriers are spatially separated and the multiplication is essentially single-carrier-like and continuous. The basis of the calculation was the marked filtered Bernoulli branching process used to study the behavior of the staircase APD [ l l ] . Delta-function absorption was assumed at the boundary of the multiplication region. The avalanche buildup time r,, was nil since SCISCM conditions were assumed to prevail. An analytical result for the associated average frequency response function H ( j w ) was derived by Fourier transformation. The analytical results were found to be in good accord with the impulse response functions that Riad and Hayes [27] obtained by simulation from the transport equations. The connection between the branching-process point of view and the transport-equation point of view can be understood as follows. In the limit of an infinite number of stages (continuous branching), the underlying Bernoulli branching process used in our derivation becomes the Yule-Furry branching process [11]-[13] , [lX] . This is a pure birth process with linear birth rate, which can be described in terms of a stochastic differential equation [44, p. 302 For the SAGM APD and the RAPD, the motion of c arriers in the depletion region outside the multiplication region can contribute substantially to the duration of the 1 mpulse response. Thus the multiplication-region impulse response function must be augmented by a contribut .on arising from the transit time T~~. Ruegg [ 161 derived the single-photocarrier impulse response function for h e SCISCM RAPD, assuming exponential light absorptl on in the nonmultiplying depletion region and equal canier velocities for electrons and holes. He considered only h e current arising from multiplied holes traveling bsek through the depletion region, neglecting the contribution of the primary carrier to the loop current. Avalanche buildup time was ignored. Nevertheless, the result that he derived turns out to be quite similar to the contribution from the multiplication region provided in (1 1).
The results derived here are predicated on the assurrption of a single photocarrier entering the multiplicatim region. In the usual experimental situation, a random (Poisson) number of photocarriers is generated. Althou3h the average impulse response function measured in the time domain will accord with our calculations, this is not the case with power-spectral densities which involve second-order statistics. Thus, the kinds of spectral measurements and impulse response function calculations used by Anderson et al. [45] are somewhat different in nature from the quantities we have calculated.
It is worth pointing out that a more realistic theoretical treatment of the CAPD time and frequency response would invoke random, rather than deterministic, carrier transit time. This would result in a smoothing of the th:-oretical impulse response functions, as was seen for die staircase APD [ l l , Fig. 111 . Finally, although our emphasis has been on the time response of the single-carri1:r CAPD, it would be useful to carry out analogous calcalations for double-carrier devices.
